This paper is a study on the multivariate CUSUM control charts using three different control statistics for monitoring covariance matrix. We get control limits and ARLs of the proposed multivariate CUSUM control charts using three different control statistics by using computer simulations. The performances of these proposed multivariate CUSUM control charts have been investigated by comparing ARLs. The purpose of control charts is to detect assignable causes of variation so that these causes can be found and eliminated from process, variability will be reduced and the process will be improved. We show that the charts based on three different control statistics are very effective in detecting shifts, especially shifts in covariances when the variables are highly correlated. When variables are highly correlated, our overall recommendation is to use the multivariate CUSUM control charts using trace for detecting changes in covariance matrix.
Introduction
The quality of production product must maintain a constant level in a continuous industrial production process. But many problems in quality control involve a vector of observations of several characteristics rather than a single characteristic. Although one of variables could monitor the process using separate control charts to the extent that these measurements are mutually correlated, it will obtain better sensitivity using multivariate methods that exploit the correlations. Chang and Heo (2011) , Cho (2012a, 2012b) , Cho (2006, 2011) studied the multivariate control charts for monitoring covariance matrix.
The cumulative sum (CUSUM) control chart was proposed by Page (1954) . This chart is good alternative to the Shewhart control chart when small or moderate shifts are interest. The CUSUM chart is maintained by taking sample and plotting a cumulative sum of differences between the sample mean and the target value in time order in the chart. Up to the present, multivariate control charts have been widely used for monitoring process mean vector. But relatively little attention has been given to the use of multivariate charts for monitoring covariance matrix.
The purpose of this study is to construct and evaluate the multivariate CUSUM control chart for monitoring the covariance matrix Σ. For monitoring process covariance matrix, we construct multivariate CUSUM control chart based on three different control statistics proposed by Hotelling V t , Hui L t and likelihood ratio test (LRT) statistic W t and evaluate the proposed multivariate CUSUM control chart in terms of average run length (ARL).
Description of control procedures
Suppose that the process of interest has p quality variables presented by the random vector X = (X 1 , X 2 , · · · , X p ) and we take a sequence of samples of size n at each sampling occasion t (t = 1, 2, · · · ). It will be assumed that the successive observation vectors are independent and have multivariate normal distribution with N p (µ, Σ) where the mean vector µ = µ 0 is known.
Notations, assumptions and properties
Suppose that measurement is X , a p -component vector, which is assumed to follow a multivariate normal distribution. Let σ represent the vector of standard deviations of the p variables. Let Σ 0 and σ 0 be the in-control values of Σ and σ, respectively.
Suppose that the objective is to monitor Σ where the target values Σ 0 and µ 0 are known. It is assumed that the in-control process covariance matrix is as follows;
In reality, some of the in-control parameter values would need to be estimated during a Phase I period when process data are collected for purposes of parameter estimation. But, we consider control charts in Phase II under the simplifying assumption that the in-control parameter values are known. We will usually refer to Σ 0 as the target, even though, in practice, some of the components of Σ 0 may correspond to estimated values.
Assume that the process will be monitored by taking a sample of n ≥ p independent observation vectors at sampling point t, where the sampling points are d time units apart. Let X tij represent observation j (j = 1, 2, · · · , n) for variable i (i = 1, 2, · · · , p) at sampling point t (t = 1, 2, · · · ), and let the corresponding standardized observation b, and let the corresponding standardized observation be
where µ 0i is the i th component of µ 0 and σ 0i is the i th component of σ 0 . Also let
Multivariate CUSUM control charts for monitoring the covariance matrix 541 be the vector of standardized observations for observation vector j at sampling point t. Let Σ be the covariance matrix of Z tj , and let Σ 0 be the in-control value of Σ Z . The in-control distribution of Z tij is standard normal, so Σ 0 is also the in-control correlation matrix of the unstandardized observations. Some control statistics used for monitoring Σ are functions of the sample estimates of Σ Z . At sampling point t, let Σ t be the maximum likelihood estimator of Σ Z , where the (i, i ) element of element of Σ t is n j=1 Z tij Z ti j /n
Control statistics
We consider the case in which the primary purpose is to detect changes in the covariances. Three different Multivariate CUSUM control charts will be presented. Hotelling (1947) proposed the use of the Lawley-Hotelling V t statistic for monitoring covariance matrix. The distribution of V t was studied by Lawley (1938) and Hotelling (1951) . Hotelling proposed the following control statistic using trace for monitoring Σ
where V t has a chi-square distribution with np degrees of freedom. Hui (1980) studied the use of the sample generalized variance for monitoring the process covariance matrix using the following statistic L t
The last control chart can be constructed by using the likelihood ratio statistic for testing H 0 : Σ = Σ 0 vs H 1 : Σ = Σ 0 . For the t th sample (t = 1, 2, · · · ), the likelihood ratio statistic is
Nagarsenker and Pillai (1973) developed a method for obtaining the exact null distribution of L = λ 2/n in a series form and computed percentage point of L to any degree of accuracy even for small sample size. Thus the statistic W t can be a control statistic for monitoring Σ.
where
In general, if the process shifts from Σ 0 to Σ 1 then it is difficult to obtain the distributions of V t , L t and W t . Thus, in order to evaluate the performance of the CUSUM control charts for monitoring Σ it is necessary to use Markov chain approach, integral equation approach and computer simulations.
Multivariate CUSUM Control Charts
CUSUM control chart was suggested by Page (1954) . This chart is a good alternative to the Shewhart chart when detection of small or moderate shifts in a production process is important. A CUSUM chart directly incorporates all of the information in the sequence of sample values by plotting the cumulative sum of the deviation of the sample values from the target value.
A multivariate CUSUM statistic based on the control statistic S t is given by
where the statistics in (2.1), (2.2) and (2.4) can be replaced by S t respectively, Y 0 = 0 and reference value k ≥ 0. This chart for dispersion matrix signals whenever Y t ≥ h.
The control limit h can be obtained by Markov chain or integral equation approach to satisfy a specified in-control ARL when the process parameters are on-target. And when the process parameters in Σ have been changed, the performance of this chart can be evaluated by simulation.
We will compare multivariate CUSUM control charts in terms of the average run length (ARL) required to detect shifts in process parameters when three CUSUM control charts have the same false alarm rate. If there is a shift in a process parameter the ARL is the appropriate measure of detection time for this shift.
The Markov chain and integral equation methods can be used to evaluate properties of the multivariate CUSUM chart. Thus simulation with 10,000 runs was used. All of the schemes being compared have an in-control ARL of 800 hours where the sampling interval d is assumed to be 1 hour is assumed to be 1 hour.
Performances of the multivariate CUSUM control charts
We can use a Markov chain approach, integral equations or simulations to get control limit h value. If the process shifts from Σ 0 , then it is necessary to use simulations to get ARLs. Also control limits h and ARLs for three different CUSUM charts are obtained by 10,000 runs.
The performance of the multivariate CUSUM control charts of three control statistics for monitoring the covariance matrix have been investigated in the types of shifts in Σ. When the production process changes, the following types of shifts were considered;
(1) covariances are change and variances are not change, (2) variances and covariances are simultaneously change.
The ability of a control chart to detect any shifts in the production process is determined by the length of time required to signal. Thus, a good control chart detects shifts quickly in the process when the process is out-of-control state, and produces few false alarms when the process is in-control state.
We consider three multivariate CUSUM control charts based on the trace, determinant and likelihood ratio statistics respectively.
Control statistic using trace
There are control limits h for multivariate CUSUM control charts for monitoring by using the statistic V t given by (2.1). We consider multivariate CUSUM control charts for two variables and two observations, four variables and four observations. Table 3 .1 gives the values of h for p =2, 4, n =2, 4, k = E(V t ) + (1/2)i (i = 1, 2, 3, 4) when the in-control ARL is approximately 800. Table 3 .1 Values of control limit h for CUSUM charts using trace when the in-control ARL is 800 Tables 3.2∼3.4 give the ARLs of multivariate CUSUM control charts using trace for p = 2, 4, n = 2, 4, k = E(V t ) + (1/2)i (i = 1, 2, 3, 4) and three different in-control correlation coefficients for ρ 0 =0.9, 0.5, 0.3 when covariances are change and variances are not change. Also ρ considered is decreased from 10 percent to 90 percent. As shown in Tables 3.2-3.4 the multivariate CUSUM control charts using trace for monitoring the covariance matrix are effective in terms of ARLs in detecting changes in covariances. Table 3 .2 ARLs for CUSUM charts using trace when covariances are change (ρ 0 = 0.9) Table 3 .3 ARLs for CUSUM charts using trace when covariances are change (ρ 0 = 0.5) Table 3 .4 ARLs for CUSUM charts using trace when covariances are change (ρ 0 = 0.3) For each c, p = 2, 4, n = 2, 4, k = E(V t )+(1/2)i (i = 1, 2, 3, 4), Table 3 .5 gives ARLs in each cell when one, two, p variances and p covariances are simultaneously change, respectively.
Here standard deviations are changed from σ 0 to σ = √ cσ 0 for c = 1.21, 1.44, 1.69, 4.00 and covariances are changed from ρ 0 = 0.9 to ρ = 0.72, 0.54. As shown in Table 3 .5 multivariate CUSUM control charts using the statistic V t given by (2.1) for monitoring the covariance matrix are also effective in detecting simultaneous changes in variances and covariances. Table 3 .5 ARLs for CUSUM charts using trace when variances and covariances are change (ρ 0 = 0.9) 
Control statistic using determinant
There are control limits h for multivariate CUSUM control charts for monitoring by using the statistic L t given by (2.2). Table 3 .6 gives the values of h for p = 2, 4, n = 2, 4, k = E(L t ) + (1/2)i (i = 1, 2, 3, 4) when the in-control ARL is approximately 800. Table 3 .6 Values of control limit h for CUSUM charts using determinant when the in-control ARL is 800 Tables 3.7∼3 .9 give the ARLs of multivariate CUSUM control charts using determinant for p = 2, 4, n = 2, 4, k = E(L t ) + (1/2)i(i = 1, 2, 3, 4) and three different in-control correlation coefficients ρ 0 = 0.9, 0.5, 0.3 when covariances are change and variances are not change. Also ρ considered is decreased from 10 percent to 90 percent. As shown in Tables 3.7∼3.9 the multivariate CUSUM control charts using determinant for monitoring the variance-covariance matrix are effective in detecting changes in covariances. Table 3 .7 ARLs for CUSUM charts using determinant when covariances are change (ρ 0 =0.9) Table 3 .8 ARLs for CUSUM charts using determinant when covariances are change (ρ 0 = 0.5) Table 3 .9 ARLs for CUSUM charts using determinant when covariances arechange (ρ 0 = 0.3) Table 3 .10 gives p ARLs in each cell when one, two, p variances and p covariances are simultaneously change, respectively. Here standard deviations are changed from σ 0 to σ = √ cσ 0 for c = 1.21, 1.44, 1.69, 4.00 and covariances are changed from ρ 0 = 0.9 to ρ = 0.72, 0.54. As shown in Table 3 .10 multivariate CUSUM control charts using the statistic L t given by (2.2) for monitoring the covariance matrix are also effective in detecting simultaneously changes in variances and covariances. Table 3 .10 ARLs for CUSUM charts using determinant when variances and covariances are change (ρ 0 =0.9) 
Control statistic using likelihood ratio test
There are control limits h for multivariate CUSUM control charts for monitoring by using the statistic W t given by (2.4). Table 3 .11 gives the values of h for p = 2, 4, n = 2, 4, k = E(W t ) + (1/2)i (i = 1, 2, 3, 4) when the in-control ARL is approximately 800. Table 3 .11 Values of control limit h for CUSUM charts using likelihood ratio test statistic when the in-control ARL is approximately 800 Tables 3.12∼3.14 give the ARLs of multivariate CUSUM control charts using likelihood ratio test statistic for p = 2, 4, n = 2, 4, k = E(W t ) + (1/2)i(i = 1, 2, 3, 4) and three different in-control correlation coefficients ρ 0 = 0.9, 0.5, 0.3 when covariances are change and variances are not change. Also ρ considered is decreased from 10 percent to 90 percent. As shown in Tables 3.12-3.14 the multivariate CUSUM control charts using likelihood ratio test statistic for monitoring the variance-covariance matrix are effective in detecting changes in covariances. Table 3 .12 ARLs for CUSUM charts using LRT statistic when covariances are change (ρ 0 =0.9) Table 3 .13 ARLs for CUSUM charts using LRT statistic when covariances are change (ρ 0 = 0.5) Table 3 .14 ARLs for CUSUM charts using LRT statistic when covariances are change (ρ 0 = 0.3) n = 2, p = 2 n = 4, p = 4 k E(W t )+0.5 E(W t )+1 E(W t )+1.5 E(W t )+2 E(W t )+0.5 E(W t )+1 E(W t )+1. For p = 2, 4, n = 2, 4, k = E(W t ) + (1/2)i (i = 1, 2, 3, 4), Table 3 .15 gives p ARLs in each cell when one, two, p variances and p covariances are simultaneously change, respectively. Here standard deviations are changed from σ 0 to σ = √ cσ 0 for c = 1.21, 1.44, 1.69, 4.00 and covariances are changed from ρ 0 = 0.9 to ρ = 0.72, 0.54. As shown in Table 3 .15 multivariate CUSUM control charts using the statistic W t given by (2.4) for monitoring the variancecovariance matrix are also effective in detecting simultaneously changes in variances and covariances. 
